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BEHAVIOR OF PRINCIPAL CURVATURES OF FRONTALS
NEAR NON-FRONT SINGULAR POINTS AND THEIR
APPLICATION
KENTARO SAJI AND KEISUKE TERAMOTO
Abstract. We investigate behavior of principal curvatures and principal vectors
near a non-degenerate singular point of the first kind of frontals. As an application,
we extend the notion of Ribaucour transformations to frontals with singular points.
1. Introduction
In this paper, we study behavior of principal curvature near a singular point of
frontal surfaces which is not a front. A frontal is a class of surfaces with singular
points, and it is well known that surfaces with constant curvature are in this class. In
these decades, there are several studies of frontals from the viewpoint of differential
geometry and various geometric invariants at singular points are introduced [6, 8,
9, 11, 15, 16, 25]. It is known that a cuspidal edge (A-equivalent to the germ
(u, v) 7→ (u, v2, v3) at the origin) and a swallowtail are generic singularities of fronts
in 3-space. On the other hand, a cuspidal cross cap and a 5/2-cuspidal edge are
typical singularities of frontals which are not front. Boundedness of Gaussian and
mean curvature of frontals at certain singular points are studied by in terms of
geometric invariants [11, 16, 25].
Behavior of principal curvatures of fronts are studied in [27, 29]. Since singularities
of frontals which are not front one are a kind of degenerate singularities of fronts, it is
natural to expect principal curvatures differently behave. We divide non-degenerate
singular points of frontals which are not a front one into two classes: a singular point
of k-non-front and a singular point of pure-frontal. Typical examples of singular
points of k-non-front are cuspidal cross caps (k = 1) and cuspidal Sk−1 singular
points, and that of a singular point of pure-frontal is a 5/2-cuspidal edge. Using
geometric invariants, we give a necessary and sufficient condition that the principal
curvatures can be extended as C∞ functions near a singular point of pure-frontal
(Theorem 3.1). On the other hand, we show around a singular point of 2k-non-front,
one principal curvature can be extended as a continuous function. We also show
around a singular point of (2k + 1)-non-front, on the singular curve γ : (−ε, ε) →
U (γ(0) = p), one principal curvature can be extended as a continuous function
across γ((−ε, 0)) and the other principal curvature can be extended as a continuous
function across γ((0, ε)) (Theorem 4.1).
Moreover, we consider umbilic points of a frontal singular point which is not a
front one (Sections 3.3 and 4.2). Furthermore, we study behavior of principal vector
field, and extend this notion to frontals as ‘curvature line frame’ (Section 5). As
an application, by using curvature line frame we extend the notion of Ribaucour
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2 K. SAJI AND K. TERAMOTO
transformations to frontals which is given and studied for regular surfaces (Section
6).
2. Preliminaries
We recall some notions and properties of frontals.
2.1. Frontals. Let f : V → R3 be a C∞ map, where V is an open set of R2. Then
f is a frontal if there exists a C∞ map ν : V → S2 such that 〈dfq(X), ν(q)〉 = 0
holds for any q ∈ V and X ∈ TqV , where S2 is the unit sphere in R3 and 〈·, ·〉 is
the Euclidean inner product of R3. We call the map ν a unit normal vector or the
Gauss map of f . If a frontal f satisfies that the pair (f, ν) : V → R3 × S2 is an
immersion, then f is called a front. We fix a frontal f . A point p ∈ V is said to be
a singular point of f if f is not an immersion at p. We denote by S(f) the set of
singular points of f (on V ). Let us set a function λ : V → R by
(2.1) λ(u, v) = det(fu, fv, ν)(u, v),
where (u, v) are some coordinates, (·)u = ∂/∂u and (·)v = ∂/∂v. We call λ the
signed area density function of f . A non-zero functional multiple of λ is called
an identifier of singularities. Taking a singular point p ∈ S(f) of a frontal f , p
is said to be non-degenerate if (λˆu(p), λˆv(p)) 6= (0, 0), where λˆ is an identifier of
singularities. We notice that rank dfp = 1 if p ∈ S(f) is non-degenerate. If p ∈ S(f)
is non-degenerate, then there exist a neighborhood U of p and a C∞ regular curve
γ = γ(t) : (−ε, ε) → U (ε > 0) such that γ(0) = p and λˆ(γ(t)) = 0 holds. This
implies that S(f) is locally parametrized by γ. Moreover, there exists a non-zero
vector field η on U such that dfq(ηq) = 0 for any q ∈ S(f) ∩ U . We call γ and η a
singular curve and a null vector field, respectively. A non-degenerate singular point
p is said to be of the first kind if η is transverse to γ at p.
Let f : V → R3 be a frontal, and let p ∈ S(f) be non-degenerate. We set ν a unit
normal vector of f . Let γ(t) be a singular curve through p and η a null vector field.
Then we define two functions δ and ψ by
(2.2) δ(t) = det(γ′(t), η(t)), ψ(t) = det(γˆ′(t), ν(γ(t)), ην(γ(t))),
where ′ = d/dt, γˆ = f ◦ γ. By definition, p is of the first kind if and only if δ(0) 6= 0.
Moreover, it is known that a frontal f is not a front at a singular point of the first
kind if and only if ψ(0) = 0. A singular point of the first kind p of a frontal f is
said to be non-front if ψ(p) = 0, namely, f is not a front at p. We divide non-front
singular points as follows:
Definition 2.1. (1) A singular point of the first kind p of a frontal f is said to
be a k-non-front singular point (k ≥ 1) if the function ψ as in (2.2) satisfies
ψ(0) = ψ′(0) = · · · = ψ(k−1)(0) = 0 and ψ(k)(0) 6= 0.
(2) A singular point of the first kind p of a frontal f is a pure-frontal singular
point if the function ψ vanishes identically along γ(t).
A cuspidal edge is a front. Typical examples of singular points of k-non-front
are cuspidal S±k singularities (k ≥ 0) which are A-equivalent to the germ (u, v) 7→
(u, v2, v3(uk+1 ± v2)) at the origin. Two map-germs f1, f2 are A-equivalent if they
coincide up to coordinate transformations of the source and the target spaces. On
the other hand, a typical example of a singular point of pure-frontal is a 5/2-cuspidal
edge which isA-equivalent to the germ (u, v) 7→ (u, v2, v5) (see Figure 1). For criteria
and geometric properties of surfaces with these singularities, see [6, 10, 11, 9, 19, 16,
24]. Let f be a frontal and p a singular point of the first kind. Then there are several
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Figure 1. From left to right: cuspidal S0 singularity (cuspidal cross
cap), cuspidal S−1 singularity and 5/2-cuspidal edge.
differential geometric invariants at p. We introduce here singular curvature κs, the
limiting normal curvature κν , the cuspidal curvature κc and the cuspidal torsion κt,
where the presise definition themselves will not needed (See Lemma 2.5.). See [25]
for κs, κν , and [15, 16] for the others. We remark although these invariants were
defined cuspidal edge singular point it is a singular point of the first kind, one can
easily see these definitions work our case. For a frontal f , the following assertion is
known.
Fact 2.2 ([16]). Let f : V → R3 be a frontal and p a singular point of the first
kind. Then p is a non-front singular point of f if and only if κc(p) = 0 holds. In
particular, a singular curve γ(t) through p consists of pure-frontal singularities if
and only if κc vanishes along γ(t).
One can take a pair of positively oriented vector fields (ξ, η) on a neighborhood
U of a singular point of the first kind p satisfying that ξ is tangent to γ, and η is
a null vector field. We call such a pair (ξ, η) an adapted pair of vector field ([15]).
On the other hand, a local coordinate system (u, v) on U satisfying that the u-axis
coincides with the image of singular curve, and (∂u, ∂v) is an adapted pair is said to
be adapted ([16, 25]).
If a point p is a non-front singular point of a frontal f , one can take an adapted
pair (ξ, η˜) of vector fields such that 〈η˜η˜f(p), ξf(p)〉 = 〈η˜η˜η˜f(p), ξf(p)〉 = 0. Thus
there exists a number l ∈ R such that η˜η˜η˜f(p) = lη˜η˜f(p). Using this null vector
field η˜ and the number l, we set other invariant for a frontal of the first kind.
rb(p) =
|ξf |2 det(ξf, η˜η˜f, η˜4f)
|ξf × η˜η˜f |3 (p),
rc(p) =
|ξf |5/2 det(ξf, η˜η˜f, 3η˜5f − 10lη˜4f)
|ξf × η˜η˜f |7/2 (p),
(2.3)
where η˜kf means k-times directional derivative of f in the direction η˜. We call rb(p)
and rc(p) the bias and the secondary cuspidal curvature of f at p, respectively ([19]).
Let p be a pure-frontal singular point of f . there exists a function l : (−ε, ε)→ R
such that η˜η˜η˜f(γ(t)) = l(t)η˜η˜f(γ(t)). Thus for a pure-frontal singular point, we
can define rb and rc along γ(t) by rb(t) = rb(γ(t)) and rc(t) = rc(γ(t)). We also call
rb(t) and rc(t) the bias and the secondary cuspidal curvature along γ(t), respectively
([11]).
Fact 2.3. Let f : V → R3 be a frontal, and let p be a singular point of the first kind.
There exists an adapted coordinate system (u, v) around p such that (1) |fu(u, 0)| =
|fvv(u, 0)| = 1, 〈fu, fvv〉 (u, 0) = 0 or (2) 〈fu, fvv〉 (u, 0) = 〈fu, fvvv〉 (u, 0) = 0.
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An adapted coordinate system satisfying (1) (resp. (2)) is said to be orthogonal
adapted (resp. normally adapted). See [11, Corollary 3.5] for a proof of (2). The
other statements can be shown by the similar way.
2.2. Fundamental forms and invariants. We consider coefficients of the first
and the second fundamental form of a frontal. Let f : V → R3 be a frontal, and p
be a non-front singular point. Then we take an adapted coordinate system (U ;u, v)
centered at p. Since fv(u, 0) = 0, there exists a C
∞ function h : U → R3 such that
fv = vh by the division lemma. Moreover, since any (u, 0) ∈ S(f) is a singular point
of the first kind, λv(u, 0) = det(fu, h, ν)(u, 0) 6= 0. Thus h 6= 0 near p and {fu, h, ν}
forms a frame along f . Using this frame, we define the following functions on U :
E˜ = 〈fu, fu〉 , F˜ = 〈fu, h〉 , G˜ = 〈h, h〉 ,
L˜ = −〈fu, νu〉 , M˜ = −〈h, νu〉 , N˜ = −〈h, νv〉 .
(2.4)
We note that E˜G˜ − F˜ 2 > 0 on U . Moreover, we notice that ν can be chosen as
ν = ±(fu × h)/|fu × h|.
Let us denote by E, F , G, L, M and N the coefficients of the first and the second
fundamental form of f on U \{v = 0} obtained by the usual manner. Then we have
(2.5) E = E˜, F = vF˜ , G = v2G˜, L = L˜, M = vM˜, N = vN˜.
Lemma 2.4. Let f be a frontal and p a non-front singular point. Take an orthogonal
adapted coordinate system (U ;u, v) around p. Then we can take a null vector field
η˜ satisfying 〈fu, η˜η˜f〉 = 〈fu, η˜η˜η˜f〉 = 0 at p by setting
(2.6) η˜ = −v2F˜v(p)∂u + ∂v.
Proof. Taking an orthogonal adapted coordinate system, an adapted pair of vector
fields (ξ, η) is given by (ξ, η) = (∂u, ∂v). We set η˜ as η˜ = a(u, v)∂u + ∂v on U . Since
η˜ is also a null vector field of f , η˜f = afu + vh = 0 on the u-axis, where fv = vh.
Thus a(u, 0) = 0 holds, in particular, a(p) = 0.
We next consider the second and the third order directional derivatives of f in
the direction η˜. By a direct calculation, it follows that
η˜η˜f = a(η˜f)u + avfu + vahu + h+ vhv,
η˜η˜η˜f = a(η˜η˜f)u + av(η˜f)u + a(η˜f)uv + avvfu + 2vavhu + ahuv + 2hv + vhvv.
Since a(u, 0) = 0, fvv(u, 0) = h(u, 0), 〈fu, fu〉 (u, 0) = 1 and 〈fu, fvv〉 (u, 0) = 0, we
see that 〈ξf, η˜η˜f〉 = 〈fu, η˜η˜f〉 = av holds along the u-axis. Thus we get av(p) = 0.
Under this assumption, we have 〈ξf, η˜η˜η˜f〉 = 〈fu, η˜η˜η˜f〉 = avv + 2 〈fu, hv〉 at p.
By the definition of F˜ , we see F˜v = 〈fu, h〉v = 〈fuv, h〉 + 〈fu, hv〉 = 〈fu, hv〉 along
the u-axis. Especially, F˜v(p) = 〈fu, hv〉 (p) holds. Thus setting avv(p) = −2F˜v(p),
〈ξf, η˜η˜η˜f〉 = 0 at p, and hence we have the assertion. 
By Lemma 2.4, if p is a pure-frontal singular point of f , then we can take η˜ as
(2.7) η˜ = −v2F˜v(u, 0)∂u + ∂v
on U .
Lemma 2.5. Let f : U → R3 be a frontal and p ∈ U a non-front singular point of
f . Let (u, v) be an orthogonal adapted coordinate system around p satisfying that
det(fu, fvv, ν)(u, 0) > 0. Then
κν(u) = L˜(u, 0), κc(u) = 2N˜(u, 0), κt(u) = M˜(u, 0),
rb(p) = 3N˜v(p), rc(p) = 12
(
N˜vv − 4F˜vM˜ − 2G˜vN˜v
)
(p)
(2.8)
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hold.
Proof. For κν , κc and κt, see [29, Lemma 2.7]. We show rb and rc. First, we calculate
directional derivatives of f in the direction η˜ as in (2.6). By the proof of Lemma
2.4, we see that η˜3f = avvfu + 2hv = G˜vh = G˜vη˜
2f holds at p, where a = −v2F˜v(p).
In particular, we have l = G˜v(p) and
(2.9) hv(p) = F˜v(p)fu(p) + (G˜v(p)/2)h(p).
We consider η˜4f and η˜5f . By direct calculations, we have
η˜4f = a(η˜3f)u + av(η˜
2f)u + a(η˜
2f)uv + avv(η˜f)u + 2av(η˜f)uv + a(η˜f)uvv
+ avvvfu + 3avvfuv + 3avfuvv + afuvvv + fvvvv,
η˜5f = a(η˜4f)u + av(η˜
3f) + a(η˜3f)v + avv(η˜
2f)u + 2av(η˜
2f)uv + a(η˜
2f)uvv
+ avvv(η˜f)u + 3avv(η˜f)uv + 3av(η˜f)uvv + a(η˜f)uvvv
+ avvvvfu + 4avvvfuv + 6avvfuvv + 4avfuvvv + afuvvvv + fvvvvv.
Since η˜f = afu + fv and η˜
2f = a(η˜f)u + avfu + afuv + fvv, we get (η˜f)uv = fuvv
and (η˜2f)u = fuvv at p because a(p) = av(p) = fuv(p) = (η˜f)u(p) = 0. Thus we see
that η˜4f = fvvvv and η˜
5f = 10avvfuvv + fvvvvv hold at p. Since fv = vh, we obtain
fuvv = hu, fvvvv = 3hvv and fvvvvv = 4hvvv at p. Therefore it follows that
(2.10) η˜4f = 3hvv, η˜
5f = 10avvhu + 4hvvv
at p.
We consider rb. Since (u, v) is an orthogonal adapted coordinate system, we have
|fu|2 = 1, |h|2 = 1, 〈fu, h〉 = 0,
det(fu, η˜
2f, η˜4f)
|fu × η˜2f |3 =
3 〈ν, hvv〉
|fu × h|2 = 3 〈ν, hvv〉
along the u-axis, where we use relations ν = (fu × h)/|fu × h| and (2.10). Since
〈h, ν〉 = 0, we have 〈hv, ν〉+ 〈h, νv〉 = 0, 〈hvv, ν〉+ 2 〈hv, νv〉+ 〈h, νvv〉 = 0. Further,
by Fact 2.2 and the expression of κc as in (2.8), N˜ = −〈h, νv〉 = 0 at p. Thus
νv(p) = 0 holds, and hence we have 〈hvv, ν〉 (p) + 〈h, νvv〉 (p) = 0. On the other
hand, differentiating N˜ = −〈h, νv〉 by v, we see that N˜v = −〈hv, νv〉 − 〈h, νvv〉.
Since 〈h, νvv〉 (p) = −〈hvv, ν〉 (p), it holds that N˜v(p) = 〈hvv, ν〉 (p). Therefore by
(2.3), rb can be expressed as in (2.8).
Finally, we consider rc. By above calculations, (2.3) and (2.10), we see that
rc = 30avv 〈ν, hu〉+ 〈ν, 12hvvv − 30lhvv〉 = −60F˜vM˜ + 〈ν, 12hvvv − 30lhvv〉
holds at p, where l = G˜v(p). The first and the second order derivatives of N˜ =
−〈h, νv〉 by v are N˜v = −〈h, νvv〉 and N˜vv = −2 〈hv, νvv〉 − 〈h, νvvv〉 at p. On the
other hand, differentiating 〈h, ν〉 = 0 by v, we have 〈hvv, ν〉 = −〈h, νvv〉, 〈hvvv, ν〉+
3 〈hv, νvv〉 = −〈h, νvvv〉 at p. Thus
〈hvv, ν〉 = −〈h, νvv〉 = N˜v, 〈hvvv, ν〉 = N˜vv − 〈hv, νvv〉 .
Noticing that hv = F˜vfu+(G˜v/2)h holds at p, we have 〈hvvv, ν〉 = N˜vv−F˜v 〈fu, νvv〉−
(G˜v/2) 〈h, νvv〉. Differentiating 〈fu, ν〉 = 0 by v twice, we have 〈fuvv, ν〉+ 〈fu, νvv〉 =
〈hu, ν〉+ 〈fu, νvv〉 = M˜ + 〈fu, νvv〉 = 0. Thus it holds that 〈hvvv, ν〉 = Nvv + F˜vM˜ +
(G˜v/2)N˜v at p, and hence
rc = −60F˜vM˜ +
(
12 〈ν, hvvv〉 − 30G˜v 〈ν, hvv〉
)
= 12
(
N˜vv − 4F˜vM˜ − 2G˜vN˜v
)
holds at p. 
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Corollary 2.6. Under the same assumptions as in Lemma 2.5, if f is a frontal
and p is a pure-frontal singular point, then the bias rb and the secondary cuspidal
curvature rc are written as
(2.11) rb(u) = 3N˜v(u, 0), rc(u) = 12
(
N˜vv − 4F˜vM˜ − 2G˜vN˜v
)
(u, 0)
along the u-axis.
Proof. We take an orthogonal adapted coordinate system (U ;u, v) around p with
det(fu, h, ν)(u, 0) > 0. Since κc(u) = 0 by Fact 2.2, N˜(u, 0) = −〈h, νv〉 (u, 0) = 0,
especially νv(u, 0) = 0. By similar calculations with η˜ as in (2.7), we have the
assertions. 
For the Gauss map ν of a frontal f , by direct calculations we have the following.
Lemma 2.7 (cf. [27, Lemma 2.1]). Let (U ;u, v) be an adapted coordinate system
around a non-degenerate singular point of the first kind of a frontal f . Then
(2.12) νu =
F˜ M˜ − G˜L˜
E˜G˜− F˜ 2 fu +
F˜ L˜− E˜M˜
E˜G˜− F˜ 2 h, νv =
F˜ N˜ − vG˜M˜
E˜G˜− F˜ 2 fu +
vF˜ M˜ − E˜N˜
E˜G˜− F˜ 2 h.
The Gaussian curvature K and the mean curvature H of a frontal f with a singular
point of the first kind are given as
(2.13) K =
L˜N˜ − vM˜2
v(E˜G˜− F˜ 2) , H =
E˜N˜ − 2vF˜ M˜ + vG˜L˜
2v(E˜G˜− F˜ 2) .
We note that behavior of K and H are investigated in [16, 25]. We here observe the
behavior of the function Γ = H2 −K. By a direct computation,
4v2(E˜G˜− F˜ 2)2Γ
=(E˜N˜ − 2vF˜ M˜ + vG˜L˜)2 − 4v(E˜G˜− F˜ 2)(L˜N˜ − vM˜2)(2.14)
=4v2
(E˜G˜− F˜ 2)(E˜M˜ − F˜ L˜)2
E˜
+
(
(E˜N˜ − vG˜L˜)− 2vF˜
E˜
(E˜M˜ − F˜ L˜)
)2
.(2.15)
holds on U \ {v = 0}. In particular, Γ ≥ 0.
3. Principal curvatures near a pure-frontal singular point
We consider principal curvatures of a frontal near a pure-frontal singular point.
3.1. Behavior of principal curvatures near a pure-frontal singular point.
Let f : V → R3 be a frontal and p a pure-frontal singular point. Then we take an
orthogonal adapted coordinate system (u, v) on U centered at p. By Fact 2.2, (2.8)
and (2.12), νv = 0 holds along the u-axis. Thus there exists a map ϕ : U → R3
(U ⊂ V ) such that νv = vϕ. Moreover, since N˜(u, 0) = 0 by Fact 2.2 and (2.8),
there exists a function N˜1 such that N˜ = vN˜1, where N˜1 = −〈h, ϕ〉 holds.
We notice that the Gaussian curvature and the mean curvature can be written as
(3.1) K =
L˜N˜1 − M˜2
E˜G˜− F˜ 2 , H =
E˜N˜1 − 2F˜ M˜ + G˜L˜
2(E˜G˜− F˜ 2) .
Thus both K and H are bounded C∞ functions on U . We have
(3.2) Γ =
(E˜N˜1 + G˜L˜)
2 − 4E˜G˜(L˜N˜1 − M˜2)
4E˜2G˜2
=
1
4
(
N˜1 − L˜
)2
+ M˜2 ≥ 0
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along the u-axis by (2.14) and (3.1). Since H and K are C∞ functions, Γ is also a
C∞ function on U . Using K and H, we define two functions κj (j = 1, 2) on U by
(3.3) κ1 = H +
√
H2 −K, κ2 = H −
√
H2 −K.
These functions satisfy κ1κ2 = K and κ1 + κ2 = 2H. As we will see later, we may
regard κ1 and κ2 as principal curvatures of f . Since H
2 − K ≥ 0, κ1 and κ2 are
continuous functions on U . A point p ∈ S(f) is an umbilic point of f if Γ(p) = 0.
By (3.3), if p is an umbilic point, then κ1 = κ2 at p.
Theorem 3.1. Let f be a frontal and p a pure-frontal singular point. Then principal
curvatures κj (j = 1, 2) of f can be extended as C
∞ functions near p if and only if
(3.4)
(
1
3
rb − κν
)2
+ 4κ2t 6= 0
holds along the singular curve through p. In particular, a point p is an umbilic point
of f if and only if rb(p) = 3κν(p) and κt(p) = 0 hold.
Proof. Let us take an orthogonal adapted coordinate system (U ;u, v) centered at p.
Then by the assumption, we see that N˜ = vN˜1, and hence N˜v = N˜1 holds along the
u-axis. By (3.1), (3.2), (2.8), Lemma 2.5 and Corollary 2.6, we see that
(3.5) H =
κν
2
+
rb
6
, Γ = H2 −K = 1
4
(rb
3
− κν
)2
+ κ2t
holds at p (cf. [11]). Since κj = H + (−1)j+1
√
Γ, we see the assertion. The last
asserton is obvious by (3.5). 
3.2. Principal vectors. Let f : V → R3 be a frontal and p a singular point of the
first kind. We assume that p is a pure-frontal singular point of f , and not an umbilic
point. We consider the principal vectors.
A vector V = (V1, V2) = V1∂u + V2∂v ∈ TpU is a principal vector relative to κ if
κ
(
E F
F G
)(
V1
V2
)
=
(
L M
M N
)(
V1
V2
)
for the coefficients of the first and the second fundamental forms. The number κ
satisfying the above is called the principal curvature, and also satisfies (3.3). By
Lemma 2.7, if Vj = (V
j
1 , V
j
2 ) (j = 1, 2) are principal vectors relative to κj, then
(3.6)
(
L˜− κjE˜ v(M˜ − κjF˜ )
v(M˜ − κjF˜ ) v2(N˜1 − κjG˜)
)(
V j1
V j2
)
=
(
0
0
)
on U , where N˜1 is a function satisfying N˜ = vN˜1. By factoring out v, the equation
(3.6) are equivalent to
(3.7)
(
L˜− κjE˜ v(M˜ − κjF˜ )
M˜ − κjF˜ v(N˜1 − κjG˜)
)(
V j1
V j2
)
=
(
0
0
)
.
The (1, 1) and (2, 1) elements of the matrix as in (3.7) are
(3.8) L˜− κjE˜ = 1
2
{(
κν − rb
3
)
+ (−1)j
√(rb
3
− κν
)2
+ 4κ2t
}
, M˜ − κjF˜ = κt,
and N˜1 − κjG˜ = −L˜+ κj+1E˜ (we think κ3 = κ1) at p (we take − sign if j = 1 and
+ if j = 2). Since if L˜− κjE˜ = 0, then M˜ − κjF˜ = 0, we set
(3.9) Vj = (−v(M˜ − κjF˜ ), L˜− κjE˜).
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Then Vj is a solution of (3.7), namely Vj is a principal vector with respect to κj.
Lemma 3.2. Under the above setting, df(V1) is perpendicular to df(V2) on the set
of regular points U \ {v = 0}.
Proof. We have
(3.10) df(Vj) = v
(
−(M˜ − κjF˜ )fu + (L˜− κjE˜)h
)
for j = 1, 2, where fv = vh. We note that fu and h are linearly independent on
U \ {v = 0} and Vj (j = 1, 2) are non-zero. Thus −(M˜ − κjF˜ )fu + (L˜− κjE˜)h 6= 0
on U \ {v = 0}. We see that
〈df(V1), df(V2)〉 = v2
(
E˜M˜2 − 2F˜ L˜M˜ + G˜L˜2 + (KE˜ − 2HL˜)(E˜G˜− F˜ 2)
)
,
where K = κ1κ2 and 2H = κ1 + κ2 are the Gaussian curvature and the mean
curvature, respectively. By (3.1), it holds that 〈df(V1), df(V2)〉 = 0 on U \ {v =
0}. 
Proposition 3.3. Let p be a pure-frontal singular point and not an umbilic point of
a frontal f . Then both principal vectors Vj (j = 1, 2) can be extended as C
∞ vector
fields. Moreover, we have the following.
(1) Suppose that κt(p) 6= 0. Then Vj 6= 0 (j = 1, 2) and both V1(p) and V2(p)
are parallel to the null vector η at p.
(2) Suppose that κt = 0 along the singular curve through p. Then there exisits
linearly independent vectors W1,W2 such that Vj is parallel to Wj (j = 1, 2).
(3) Suppose that rb/3 − κν 6= 0 on γ. Then γ is a curvature line if and only if
κt = 0 on γ.
Here, a curve γ is a curvature line if γ′ is a principal vector.
Proof. Since p is not an umbilic point, κj (j = 1, 2) is a C
∞ function, so do Vj. By
(3.8), if κt 6= 0, then both Vj 6= 0 (j = 1, 2), and they are parallel to the null vector
η at p by (3.9). Therefore we get the first assertion.
We show (2). Since p is not an umbilic point, one of L˜ − κjE˜ (j = 1, 2) is not
zero. We assume L˜−κ1E˜ 6= 0 at p, namely rb/3−κν > 0. Then V1 6= 0 We take an
orthogonal adapted coordinate system (U ;u, v) around p. Then by the assumption,
there exist functions F˜1 and M˜1 on U such that F˜ = vF˜1 and M˜ = vM˜1 hold. We
set W˜2 = (−(N˜1−κ2G˜), M˜1−κ2F˜1). Then W2 = (−v(N˜1−κ2G˜), M˜−κ2F˜ ) satisfies
W2 = vW˜2, and by the assumption L˜−κ1E˜ 6= 0, it holds that N˜1−κ2G˜ 6= 0, namely
W˜2 6= 0. Then the pair V1 and W˜2 is the desired one.
We show (3). We assume κt = 0 on γ. We take W˜2 in the proof of (2). Since
the u-axis is a set of pure-frontal singular point, νv = 0 along the u-axis. Thus
νuv = 0, and we see M˜v = −〈hv, νu〉 on the u-axis. By (2.9) and 〈h, νu〉 = 0, we
see M˜v = F˜1L˜ on the u-axis. Thus by (2.8) and (3.8), W˜2 = (rb/3 − κν , 0) when
rb/3− κν > 0. If rb/3− κν < 0, then interchange j = 1, 2 into j = 2, 1. 
We remark that a similar result for a cuspidal edge is known (see [13, 29]).
Under the condition as in Proposition 3.3 (2), one can take a coordinate system
(x1, x2) on a neighborhood of p such that ∂xi (i = 1, 2) are parallel to Vi (or Wi)
by the lemma in [14, page 182]. We may think of such a coordinate system as a
curvature line coordinate system (cf. Definition 5.1).
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Corollary 3.4. There exist C∞ maps ej : U → R3 \ {0} (j = 1, 2) such that ei and
df(Vi) are linearly dependent for i = 1, 2, 〈ej, ek〉 = δjk (1 ≤ j, k ≤ 2), where δjk is
the Kronecker delta.
Proof. By (3.10), setting
ej =
−(M˜ − κjF˜ )fu + (L˜− κjE˜)h
| − (M˜ − κjF˜ )fu + (L˜− κjE˜)h|
,
we get the assertion for the case of V1 = (−v(M˜ − κ1F˜ ), L˜ − κ1E˜) 6= 0 and V2 =
(−v(M˜ − κ2F˜ ), L˜− κ2E˜) 6= 0. We can show other cases by similar calculations. 
See [1, 2, 5, 26] for approaches by binary differential equations for lines of curva-
tures.
3.3. Umbilic points. We next focus on umbilic points. Let f be a frontal on a
neighborhood U of a pure-frontal singular point p. The function Γ = H2−K behaves
as follows near p ∈ S(f).
Theorem 3.5. If p ∈ S(f) is both a pure-frontal singular point and an umbilic
point, then p is a critical point of Γ = H2 −K. Moreover, if f satisfies rc(p) 6= 0,
and either 3κ′ν(p) 6= r′b(p) or κ′t(p) 6= 0, then Γ is a Morse function with index 0 or
2 at p, in particular, p is an isolated umbilic point of f .
In the second assumption, since rc(p) 6= 0 is satisfied, f at p is a 5/2-cuspidal
edge ([11, Fact 2.1, Proposition 3.8]).
Proof. We take an orthogonal adapted coordinate system (U ;u, v) around p with
det(fu, fvv, ν)(u, 0) > 0. On the u-axis, H, K and Γ are written as
H =
κν
2
+
rb
6
, K =
κνrb
3
− κ2t , Γ =
1
2
(
κν − rb
3
)2
+ κ2t .
Thus we see that Hu = κ
′
ν/2 + r
′
b/6 and
Ku =
κ′νrb + κνr
′
b
3
− 2κtκ′t, Γu =
1
2
(
κν − rb
3
)(
κ′ν −
r′b
3
)
+ 2κtκ
′
t
at p. If p is an umbilical point of f , then 3κν(p) = rb(p) and κt(p) = 0. Thus
Γu(p) = 0. On the other hand, it is known that Hv = rc/48 and Kv = rΠ/24, where
rΠ = κνrc hold along the u-axis (see [11, Lemma 4.3]). Therefore we have
Γv =
(
κν +
rb
3
) rc
48
− rΠ
24
= 0
at p since 3κν = rb holds at p. Thus we get the first assertion. By direct calculations,
it follows that Γuu is(
κ′ν −
r′b
3
)2
+
(
κν − rb
3
)(
κ′′ν −
r′′b
3
)
+ 2(κ′t)
2 + 2κtκ
′′
t =
(
κ′ν −
r′b
3
)2
+ 2(κ′t)
2
at p since 2Γ = (κν − rb/3)2 + 2κ2t along the u-axis, 3κν = rb and κt = 0 at p.
We next consider Huv and Kuv. Since Hv = rc/48 and Kv = rΠ/24 hold along the
u-axis, Huv = Hvu and Kuv = Kvu are Huv = r
′
c/48 and Kuv = r
′
Π/24 at p. Thus
Γuv = 2HuHv + 2HHuv −Kuv =
(
κ′ν +
r′b
3
)
rc
48
+
(
κν +
rb
3
) r′c
48
− r
′
Π
24
=
(
κ′ν +
r′b
3
)
rc
48
+
κνr
′
c
24
− κ
′
νrc + κνr
′
c
24
=
rc
48
(
r′b
3
− κ′ν
)
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holds at p because the relation 3κν = rb holds at p. To see Γvv at p, we give some
calculations in advance. Since fv(u, 0) = 0, we have E˜v = 2 〈fu, fuv〉 = 0 along
the u-axis. On the other hand, we see that L˜v = −〈fu, νu〉 = 0 at p because
fuv = νuv = 0 along the u-axis. Further, M˜ = −〈h, νu〉 = 0 and M˜v = F˜vL˜ at p
since M˜(p) = κt(p) = 0 by Lemma 2.5 and hv = F˜vfu + (G˜v/2)h at p. Using these
relations and L˜ = N˜1, we see that
2HHvv −Kvv = 2F˜ 2v N˜21 + 2M˜2v − 4F˜vM˜vN˜1 = 4F˜ 2v N˜21 − 4F˜ 2v N˜21 = 0
holds at p. Thus Γvv(p) = 2Hv(p)
2 = (rc(p)/24)
2/2 holds. Hence the determinant
of the Hesse matrix Hess(Γ)(p) of Γ at p is
det Hess(Γ)(p) =
(
rc(p)
24
)2(
1
4
(
κ′ν(p)−
r′b(p)
3
)2
+ κ′t(p)
2
)
> 0.
Hence we have the assertion. 
4. Principal curvatures near k-non-front singular points
Let f be a frontal and p a k-non-front singular point of f .
4.1. Behavior of principal curvatures near k-non-front singular points. The
following holds for principal curvatures defined in (3.3) of a frontal near a k-non-
front singular point p. A function x is said to have finite multiplicity at 0 if there
exist an integer l ≥ 2 such that x′(0) = · · · = x(l−1) = 0 and x(l) 6= 0 at 0.
Theorem 4.1. Let f : U → R3 be a frontal and p ∈ U a singular point of the first
kind of f , where U is sufficient small. Let γ be a singular curve through p = γ(0).
(1) If p is a 2k-non-front (k ≥ 1) singular point of f , then one of principal
curvatures can be extended as a continuous function near p and another is
unbounded near p.
(2) If p is a (2k+1)-non-front (k ≥ 0) singular point of f , and κν does not vanish
at 0, or has a finite multiplicity at 0, κ1 is coutinuous on U \ γ({t ≤ 0})
but unbounded at γ({t ≤ 0}), and κ2 is coutinuous on U \ γ({t ≥ 0}) but
unbounded at γ({t ≥ 0}), where κi (i = 1, 2) are the principal curvature of
f .
Proof. Let us take an orthogonal adapted coordinate system (U ;u, v) centered at p.
Then one can rewrite principal curvatures as
κ1 =
2(L˜N˜ − vM˜2)
A−B , κ2 =
2(L˜N˜ − vM˜2)
A+B
,
where
(4.1) A = E˜N˜ − 2vF˜ M˜ + vG˜L˜, B =
√
A2 − 4v(E˜G˜− F˜ 2)(L˜N˜ − vM˜2)
(cf. [27, 29]). By Lemmas 2.5 and 2.7, the function ψ as in (2.2) can be written as
ψ(u) = N˜(u, 0) =
κc(u)
2
.
We first show the assertion (1). By the definition of a k-non-front singular point
and the division lemma, if p is a 2k-non-front singular point, then there exists
a function κ˜c(u) such that κc(u) = u
2kκ˜c(u) and κ˜c(0) 6= 0. Moreover, by the
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division lemma again, there exists a C∞ function N˜1 on U such that N˜(u, v) =
N˜(u, 0) + vN˜1(u, v). By the above arguments, it holds that
N˜(u, v) =
u2kκ˜c(u)
2
+ vN˜1(u, v).
Thus the functions A and B given in above are written as
A =
u2kκ˜c(u)
2
+ vX(u, v), B =
√
u4kκ˜c(u)
2
4
+ vY (u, v),
where X and Y are some functions. Therefore we see that
A(u, 0)±B(u, 0) = u
2k
2
(κ˜c(u)± |κ˜c(u)|)
holds for u 6= 0. On the other hand, by Lemma 2.5 and the division lemma, L˜(u, v) =
κν(u) + vL˜1(u, v) for some C
∞ function L˜1. Thus we have
L˜N˜ − vM˜2 = u
2kκν(u)κ˜c(u)
2
+ vZ(u, v),
where Z is some function. Since f at (u, 0) (u 6= 0) is a front, if κi (i = 1 or 2) is
well-defined, then κi is continuous around (u, 0). Hence it is sufficient to show the
well-definedness of 2(L˜N˜ − vM˜2)/(A±B) at (u, 0). We have
2(L˜N˜ − vM˜2)
A±B (u, 0) =
κν(u)κ˜c(u)
(κ˜c(u)± |κ˜c(u)|)
for u 6= 0. Since κ˜c(0) 6= 0 and continuity of κ˜c, it holds that κ˜c(u) > 0 or κ˜c(u) < 0.
Thus one of principal curvatures is continuous along the u-axis, and hence we have
the first assertion.
We next show the assertion (2). If p is a (2k+1)-non-front singular point, then we
see that there exists a function κ˜c(u) such that κc(u) = u
2k+1κ˜c(u) and κ˜c(0) 6= 0.
By the assumption, κν(u) = u
ly(u) for some non-zero function y. By the similar
discussion, we have the conclusion. 
By this theorem, both principal curvatures are unbounded near a cuspidal cross
cap (k = 1) if κν 6= 0.
Remark 4.2. In [16], notions of a rational boundedness and a rational continuity for
(unbounded) functions are defined. Using these contexts, the unbounded principal
curvature of a frontal with a 2k-non-front singular point is always rationally bounded
at the singular point. Moreover, both principal curvatures of a frontal are rationally
bounded at a (2k + 1)-non-front singular point.
Example 4.3. Let f1 = (u, v
2, u2 + uv3) and f2 = (u, v
2, u2 + (u2 − v2)v2). Then
(0, 0) is a cuspidal cross cap singularity (a 1-non-front singularity) of f1, and (0, 0)
is a cuspidal S−1 singularity (a 2-non-front singularity) of f2. Then both the limiting
normal curvatures of f1 and f2 are 2( 6= 0) at (0, 0). The functions A ± B of fi
(i = 1, 2) as in (4.1) on the u-axis are
3(ui ± |ui|)
√
1 + 4u2.
Thus Theorem 4.1 in these functions are verified. Graphs of the principal curvatures
of f1 and f2 are drawn in Figures 2 and 3.
We next consider the case that the Gaussian curvature K of a front is bounded
near a k-non-front singular point.
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Figure 2. Principal curvatures of f1.
Figure 3. Principal curvatures of f2.
Proposition 4.4. Let f be a frontal and p a k-non-front singular point. If the
Gaussian curvature K of f is bounded near p, then K is non-positive at p.
Proof. Let us take an orthogonal adapted coordinate system (U ;u, v) around p.
Suppose that the Gaussian curvature K is bounded on U . Then it is known that
the limiting normal curvature κν vanishes along the u-axis. Thus there exists a C
∞
function L˜1 on U such that L˜ = vL˜1 by Lemma 2.5 and the division lemma. In this
case, K can be written as K = (L˜1N˜ − M˜2)/(E˜G˜− F˜ 2). Since N˜(p) = κc(p)/2 = 0,
K(p) = −M˜(p)2(= −κt(p)2) ≤ 0 holds. 
By the proof of this proposition, the following assertion holds.
Corollary 4.5. Suppose that the Gaussian curvature K of a frontal is bounded near
a k-non-front singular point p. Then K(p) = 0 if and only if κt(p) = 0.
For the case of a cuspidal edge p, if the Gaussian curvature K is bounded near
p, then it holds that 4K(p) = −4κt(p)2 − κs(p)κc(p)2 (cf. [16]). Moreover, this
quantity relates to the value of the Gaussian curvature of a focal surfaces with
respect to unbounded principal curvature ([28]).
4.2. Umbilicity of a frontal at k-non-front singular points. We consider um-
bilicity of a frontal. Let f be a frontal, and let p be a k-non-front singular point.
Then we take an orthogonal adapted coordinate system (U ;u, v) around p. On
this coordinate system, the function Γ = H2 − K can be written as in (2.15) on
U \ {v = 0}, where K and H are the Gaussian curvature and the mean curvature,
respectively. By this expression, a function Γ˜ = 4λ2Γ can be extended as a C∞
function on U since λ = v det(fu, h, ν). On the set of regular points U \ {v = 0},
Γ = 0 is equivalent to Γ˜ = 0. Thus in this case, we say that a point q ∈ U is an
umbilic point of a frontal f with a k-non-front singular point if Γ˜(q) = 0.
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Proposition 4.6. Let f be a frontal with a k-non-front singular point p. Then p is
an umbilic point of f , and a critical point of Γ˜. Moreover, if f satisfies κtκ
′
c 6= 0 at
p, then Γ˜ is a Morse function with index 0 or 2 at p, in particular, p is an isolated
umbilic point of f .
Proof. Take an orthogonal adapted coordinate system (U ;u, v) centered at p. Then
the first assertions follow immediately by (2.15) and the fact that N˜(p) = 0. By a
direct calculation, we have
Γ˜uu = 2N˜
2
u , Γ˜uv = 2N˜u(N˜v − L˜), Γ˜vv = 8M˜2 + 2(N˜v − L˜)2
at p. Thus det Hess(Γ˜)(p) = 16M˜(p)2N˜u(p)
2. By Lemma 2.5, it holds that M˜ = κt
and N˜u = κ
′
c at p. This shows the assertion. 
5. Curvature line frames
Motivating the above discussion, we introduce a notion ‘curvature line frames’ on
frontals. Let f : U → R3 be a frontal and ν its Gauss map, where U is an open set
of R2. For a vector field x, we set fx = df(x) stands for the directional derivative
of f by x.
5.1. Curvature line frames.
Definition 5.1. A curvature line frame generator of a frontal f is a pair of vector
fields u1 and u2 ∈ X(U) satisfying
(1) {fu1 , fu2} gives a basis of ν⊥ on U \ S(f), and 〈fu1 , fu2〉 = 0.
(2) the pairs {fui , νui} (i = 1, 2) are linearly dependent.
A curvature line frame corresponding to {u1,u2} of a frontal f is a pair of sections
{e1, e2} of a vector bundle ν⊥ satisfying that {u1,u2} is a curvature line frame
generator and
(1) {e1, e2} gives an orthonormal frame of ν⊥ for any point in U ,
(2) the pairs {fui , ei} (i = 1, 2) are linearly dependent.
The directions defined by u1,u2 are called the principal direction generators. The
directions defined by e1, e2 are called the principal directions. A coordinate system
(x1, x2) is called a curvature line coordinate if for a curvature line frame generator
{u1,u2}, ∂xi and ui are linearly dependent on the set of regular points of f for
i = 1, 2. Each integral curve of curvature line generator is called the line of curvature.
We remark that curvature line frame generator might be linearly dependent on
the set of singular points. Existence of a curvature line coordinate system around
a non-umbilic point of a regular surface is well known. In Proposition 3.3, we gave
not only existence of a curvature line coordinate but also a explicit construction of
it near a pure-frontal singular point of a frontal. The existence of curvature line
coordinate systems for front is known [17]. Following the argument in [17], we give
a curvature line frame explicitly near a non-degenerate singular points of fronts as
follows. Since f is a front, there exists a constant t ∈ R such that a parallel surface
ft = f + tν of f is regular at p. We note that ν is also the Gauss map for ft. Since
p is a non-degenerate singular point of f , rank dfp = 1. This implies that p is not
an umbilic point of ft. Thus a curvature line coordinate system (u, v) for ft exists
on some neighborhood V (⊂ U) of p. Since either fu 6= 0 or fv 6= 0 holds at p, one
can assume that fu(p) 6= 0. The following holds:
Lemma 5.2. On S(f) ∩ V , fv = 0 holds.
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Proof. Since (u, v) is a curvature line coordinate system for ft on V , we have
〈(ft)u, (ft)v〉 = 〈fu + tνu, fv + tνv〉 = 0.
Taking a limit, we have limt→0 〈(ft)u, (ft)v〉 = 〈fu, fv〉 = 0 on V . Since fu 6= 0, the
kernel ker df is spanned by a∂u + ∂v on S(f) ∩ V , where a is a C∞ function on V .
This means that
afu + fv = 0
holds on S(f) ∩ V . Calculating inner product 〈afu + fv, fu〉, it follows that
〈afu + fv, fu〉 = a 〈fu, fu〉+ 〈fu, fv〉 = a 〈fu, fu〉 = 0
on S(f)∩V because 〈fu, fv〉 = 0 on V . Since fu 6= 0, we see that a = 0 on S(f)∩V ,
and hence we have the conclusion. 
Since fv = 0 on S(f)∩V by Lemma 5.2, there exists a C∞ map ω : V → R3 such
that
(5.1) fv = λˆω,
where λˆ is an identifier of singularities. The exterior derivative of λ is calculated as
dλ = d det(fu, fv, ν) = d(λˆ det(fu, ω, ν)) = dλˆ det(fu, ω, ν) + λˆ · d(det(fu, ω, ν)).
Since p is a non-degenerate singular point, dλ(p) 6= 0, in particular dλˆ(p) 6= 0. Thus
det(fu, ω, ν) does not vanish at p, and hence we see ω(p) 6= 0. Therefore det(fu, ω, ν)
does not vanish near p, and hence {fu, ω, ν} gives an moving frames along f at least
locally. We set
(5.2) e1 =
fu
|fu| , e2 =
ω
|ω| .
Lemma 5.3. The frame {e1, e2} is a curvature line frame.
Proof. By definition, fu and e1 are linearly dependent, and also fv and e2 are linearly
dependent on V . Since the coordinate system (u, v) is a curvature line coordinate
system of ft, νu is linearly dependent to (ft)u = fu + tνu, and hence e1 and νu
are linearly dependent. Similarly, νv and (ft)v = fv + tνv are linearly dependent.
Therefore νv and λω + tνv are linearly dependent. This implies that ω is linearly
dependent to νv when λˆ 6= 0. By the continuity, ω and νv are linearly dependent on
V . 
We remark that we used the non-degeneracy in (5.1) and linearly independence
of fu and ω.
If p is a pure-frontal singular point of a frontal f , then as in Proposition 3.3,
there exists a curvature line frame generator, and as in Corollary 3.4, there exists a
curvature line frame.
5.2. Frenet equation. Let f : U → R3 be a frontal, ν its Gauss map. We assume
that f at p is a front or p is a singular point of pure-frontal. We take a curvature line
frame generator {u1,u2}, and corresponding curvature line frame {e1, e2}. Then
the fundamental equations are
(5.3)e1e2
ν

u1
=
 0 x1 x2−x1 0 x3
−x2 −x3 0
e1e2
ν
 ,
e1e2
ν

u2
=
 0 y1 y2−y1 0 y3
−y2 −y3 0
e1e2
ν
 .
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Since νu1 (resp. νu2) is parallel to e1 (resp. e2), we have x3 = 0 (resp. y2 = 0). We
call this equation as in (5.3) the Frenet equation. We set
X =
 0 x1 x2−x1 0 0
−x2 0 0
 , Y =
 0 y1 0−y1 0 y3
0 −y3 0
 .
The integrability condition for (5.3) is
Xu2 +XY = Yu1 + Y X.
By this condition, we have
−x2y3 + (x1)u2 − (y1)u1 = 0,
x1y3 + (x2)u2 = 0,
x2y1 + (y3)u1 = 0.
(5.4)
The first equation in (5.4) is the Gauss equation, and the second and the third
equations in (5.4) are the Codazzi equations. In [8], invariants of surfaces with
singularities using general moving frame are studied.
6. Ribaucour transformation of frontals
In this section, as an application of the extension of line of the curvature, we
consider Ribaucour transformations of frontals. A Ribaucour transformation is a
transformation of regular surfaces which preserves the line of curvatures. It has
been attracting attention from the view point of differential geometry of surfaces
[3, 4, 21]. The classical definition requires the curvature line coordinate systems
on surfaces. Using our curvature line frame on frontal, it is natural to consider
Ribaucour transformations instead of curvature line coordinate systems.
6.1. Definition of Ribaucour transformation. We give a definition of the Rib-
aucour transformation for frontals by using moving frame.
Definition 6.1. Let f : U → R3 and f˜ : U˜ → R3 be frontals, ν (resp. ν˜) the
Gauss map of f (resp. f˜). Let {u1,u2} (resp. {u˜1, u˜2}) be a curvature line frame
generator of f (resp. f˜) on U . Then f˜ is a Ribaucour transformation of f if there
exist a C∞ function h : U → R and diffeomorphism ψ : U → U˜ such that for any
p ∈ U ,
(1) f(p) + h(p)ν(p) = f˜(ψ(p)) + h(p)ν˜(ψ(p)),
(2) dψp(ui) and u˜i are linearly dependent for i = 1, 2.
We call a map p 7→ f(p) + h(p)ν(p) the center map.
A different approach to singularities of Ribaucour transformations of a regular
surface is given in [18].
6.2. Equations of Ribaucour transformation. Following arguments in [3], we
consider equations which give the Ribaucour transformation of a frontal when the
set {q ∈ U | f(q) + h(q)ν(q) is regular} is dense. Let f : U → R3 and f˜ : U˜ → R3
be fronts or frontals with only pure-frontal singular points. Take a curvature line
coordinate (u, v) on U and a curvature line frame {e1, e2, ν} along f . Then there
exists functions k1, k2, l1, l2 : U → R such that
(6.1) fu = k1e1, fv = k2e2, νu = l1e1, νv = l2e2.
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On the other hand, since {e1, e2, ν} gives an orthonormal basis of R3,
(6.2) ν˜ = b1e1 + b2e2 + b3ν (b
2
1 + b
2
2 + b
2
3 = 1)
holds for some b1, b2, b3, where ν˜ is the Gauss map of f˜ . If f˜ is the Ribaucour
transformation, then f(p) +h(p)ν(p) = f˜(ψ(p)) +h(p)ν˜(ψ(p)) for any p ∈ U , where
h and ψ are as in Definition 6.1. Thus by (6.1) and (6.2), we have
f˜u = f˜xxu + f˜yyu = fu + huν + hνu − huν˜ − hν˜u
= (k1 + hl1)e1 + huν − huν˜ − hν˜u,
where we set ψ(u, v) = (x(u, v), y(u, v)) and ν˜u means ν˜u = ν˜xxu + ν˜yyu. By a direct
calculation, we see that
(6.3)
〈
f˜u, ν˜
〉
= (k1 + hl1)b1 + hu(b3 − 1) = 0
holds by (6.2). Similarly, we have
f˜v = f˜xxv + f˜yyv = fv + hvν + hνv − hvν˜ − hν˜v
= (k2 + hl2)e2 + hvν − hvν˜ − hν˜v
by (6.1), where ν˜v = ν˜xxv + ν˜yyv. Therefore it follows that
(6.4)
〈
f˜v, ν˜
〉
= (k2 + hl2)b2 + hv(b3 − 1) = 0
by (6.2). If b3 − 1 = 0, then we have ν = ν˜ by (6.2). This implies that f = f˜ , and
hence this contradicts that f˜ is a Ribaucour transformation of f . Hence
(6.5) hu = m1(k1 + hl1), hv = m2(k2 + hl2), mi = − bi
b3 − 1 (i = 1, 2)
hold on U by (6.3) and (6.4). We have the following:
Proposition 6.2. Let f : U → R3 and f˜ : U˜ → R3 be frontals, and let f˜ is a
Ribaucour transformation of f . Under the notation above, if the set of regular points
of the center map cf is dense, then
(6.6) ν˜v · e1 = b1
b3 − 1 ν˜v · ν, ν˜u · e2 =
b2
b3 − 1 ν˜u · ν
hold on U .
These equations are called Ribaucour equations.
Proof. We see that
(f + hν)u = (k1 + hl1)e1 + huν = (k1 + hl1)(e1 +m1ν),
(f + hν)v = (k2 + hl2)e2 + hvν = (k2 + hl2)(e2 +m2ν)
by (6.5). We note that ei + miν 6= 0 (i = 1, 2) holds since ei and ν are linearly
independent. Thus the set of singular points S(cf ) of the center map cf : U → R3
of f defined by cf (u, v) = f(u, v) + h(u, v)ν(u, v) is S(cf ) = S1 ∪ S2, where
Si = {(u, v) ∈ U | ki(u, v) + h(u, v)li(u, v) = 0} (i = 1, 2).
Since ψ(u, v) = (x(u, v), y(u, v)) is also a curvature line coordinate system of f˜ on
U , it holds that xv(u, v) = yu(u, v) = 0, in particular,
〈
f˜u, ν˜v
〉
=
〈
f˜v, ν˜u
〉
= 0. We
now set
(6.7) ν˜u = L
1
1e1 + L
2
1e2 + L
3
1ν, ν˜v = L
1
2e1 + L
2
2e2 + L
3
2ν.
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By direct calculations using (6.2) and (6.5),
f˜u = (f + hν)u − huν˜ − hν˜u = (k1 + hl1)(e1 +m1ν)−m1(k1 + hl1)ν˜ − hν˜u
= (k1 + hl1)(e1 +m1(ν − ν˜))− hν˜u,
f˜v = (f + hν)v − hvν˜ − hν˜v = (k2 + hl2)(e2 +m2ν)−m2(k2 + hl2)ν˜ − hν˜v
= (k2 + hl2)(e2 +m2(ν − ν˜))− hν˜v
holds. Since 〈ν˜, ν˜u〉 = 〈ν˜, ν˜v〉 = 〈ν˜u, ν˜v〉 =
〈
f˜u, ν˜v
〉
=
〈
f˜v, ν˜u
〉
= 0, we have〈
f˜u, ν˜v
〉
= (k1 + hl1)(L
1
2 +m1L
3
2) = 0,
〈
f˜v, ν˜u
〉
= (k2 + hl2)(L
2
1 +m2L
3
1) = 0.
Since R(cf ) is dense, L
1
2 + m1L
3
2 = 0 (resp. L
2
1 + m2L
3
1 = 0) holds and this shows
the assertion. 
6.3. Example. Here we give an example of Ribaucour transformation in our sense.
Let γ : (x(u), y(u)) (y > 0) be a planar curve in I ⊂ R satisfying that there exist
functions l(u) (possibly taking zero) and θ(u) such that
γ′(u) = l(u)(cos θ(u), sin θ(u)).
This condition is equivalent to that the curve is a frontal. We consider the surface
of revolution of γ with respect to the z-axis by
(6.8) Tz(γ) =
(
x(u), y(u) cos v, y(u) sin v
)
.
We set Tz(γ)(u, v) = s(u, v). The curve γ is called the profile curve or the generating
curve of s. It is well known that if l 6= 0, then (u, v) is a curvature line coordinate
system of s. One can easily see that (∂u, ∂v) is a curvature line frame generator.
Let us fix a function ρ(u) satisfying
k(u) =
ρ′(u)
l(u)
is bounded for any u, and consider a function F : I ×R2 → R by
F (u, x, y) = |(x, y)− γ(u)|2 − ρ(u)2.
We consider the envelope of the family {f−1u (0)}u∈I ⊂ R2 of this function, where
fu(x, y) = F (u, x, y). We set e = (cos θ(u), sin θ(u)) and n = (− sin θ(u), cos θ(u))
and X = αe+ βn, γ = r1e+ r2n. Then since
(6.9)
∂
∂u
F = 2
(
(γ −X) · γ′ − ρρ′
)
,
we have
(
(αe+ βn)− (r1e+ r2n)
) · γ′− ρρ′ = lα− lr1− ρρ′, where x ·y means the
canonical inner product of x,y ∈ R2. Thus ∂F/∂u = 0 if and only if α = r1 − ρk.
Moreover, by
X − γ = (α− r1)e+ (β − r2)n = −ρke+ (β − r2)n,
we have
(6.10) (β − r2)2 = ρ2 − ρ2k2.
Thus if |k| 6= 1, then β = ±ρ√|1− k2|+ r2. Hence we have
(6.11) X = X± = γ − ρke± ρ
√
|1− k2|n.
If |k(u)| = 1 for any u, then
(6.12) X = X± = γ ∓ ρe.
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Summarizing up the above, we have the following proposition. We set the surfaces
of revolutions Tz(X±).
Proposition 6.3. If |k(u)| 6= 1 or |k(u)| = 1 for any u, The surface of revolution
Tz(X+) is a Ribaucour transformation of the surface of revolution Tz(X−) given in
(6.11) when |k(u)| 6= 1 or (6.12) when |k(u)| = 1. Moreover, Tz(γ) is the center
map of these Ribaucour transformations.
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